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Ultrasound velocity measurements of cubic spinel GeCo2O4 in single crystal were performed for the
investigation of shear and compression moduli. The shear moduli in the paramagnetic state reveal
an absence of Jahn-Teller activity despite the presence of orbital degeneracy in the Co2+ ions. Such a
Jahn-Teller inactivity indicates that the intersite orbital-orbital interaction is much stronger than the
Jahn-Teller coupling. The compression moduli in the paramagnetic state near the Ne´el temperature
TN reveal that the most relevant exchange path for the antiferromagnetic transition lies in the
[111] direction. This exchange-path anisotropy is consistent with the antiferromagnetic structure
with the wave vector q ‖ [111], suggesting the presence of bond frustration due to competition
among a direct ferromagnetic and several distant-neighbors antiferromagnetic interactions. In the
JT-inactive condition, the bond frustration can be induced by geometrical orbital frustration of
t2g-t2g interaction between the Co
2+ ions which can be realized in the pyrochlore lattice of the high
spin Co2+ with t2g-orbital degeneracy. In GeCo2O4, the tetragonal elongation below TN releases
the orbital frustration by quenching the orbital degeneracy.
PACS numbers: 71.70.Ej, 71.70.Gm, 75.10.-b, 75.50.Ee
I. INTRODUCTION
Frustrated magnet systems have been a topical sub-
ject for more than a decade in condensed matter physics.
Experimental and theoretical studies of geometrical spin
frustration have revealed a variety of novel ground states
such as spin ice and spin liquid states [1]. In addition
to the spin degrees of freedom, the orbital degrees of
freedom in d electrons of the transition-metal ions can
expand variations of the frustration effect and the exotic
ground state. The cubic spinel structure AB2O4 provides
a fertile field for the orbital physics in the highly magnet-
ically frustrated network. The roles of the orbital sector
analogous to the spin sector are under active discussions
in the spinels. Very recently, for instance, the possibili-
ties of orbital ordering [2, 3, 4], orbital liquid state [5, 6],
and orbital glassy state [7] have been studied extensively.
The B-site sublattice of corner sharing tetrahedra in
the spinels AB2O4, so-called pyrochlore lattice, forms the
most highly frustrated network. Thus the spinel struc-
ture with Jahn-Teller (JT) ions on the B sites is the most
suitable system to explore the frustration effects due to
the interplay of the spin and the orbital degrees of free-
dom. The germanium-based spinel compound GeCo2O4
consists of magnetic Co2+ (3d7) ions on the octahedral B
sites with non-magnetic Ge4+ ions on the tetrahedral A
sites. The B-site Co2+ ions form the pyrochlore network
as illustrated in Fig. 1 (a). In GeCo2O4, an antiferro-
magnetic (AF) transition occurs at the Ne´el temperature
TN = 23.0 K accompanied with a cubic to tetragonal
structural elongation [8, 9, 10]. Magnetic susceptibility
in the paramagnetic state, on the other hand, exhibits a
Curie-Weiss behavior with the positive Weiss tempera-
ture ΘW = 81.0 K indicating the dominant contribution
of the ferromagnetic (FM) interactions [9]. Recent exper-
imental results of neutron powder diffraction suggest the
presence of bond frustration due to competition among
several FM and AF interactions in the AF state [11].
In GeCo2O4, the Co
2+ ion on the octahedral B site
should exhibit orbital degeneracy regardless the configu-
ration of the 3d7 electrons in the octahedral crystal field.
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FIG. 1: (Color online). (a) Pyrochlore lattice of the B-site
Co2+ ions in cubic spinel GeCo2O4. Octahedral O
2− ligands
surrounding a B site Co2+ ion are also illustrated. (b) High
spin state, and (c) Low spin state of Co2+ (3d7) in the octa-
hedral crystal field.
2The possible high spin and low spin states of the Co2+
(3d7) in the octahedral crystal field are depicted in Fig.
1 (b) and (c), respectively. There exists threefold degen-
eracy of t2g orbitals in the high spin state (Fig. 1 (b)),
while twofold degeneracy of eg orbitals in the low spin
state (Fig. 1 (c)). We can expect, therefore, that the
orbital degrees of freedom play significant roles in the
magnetism of GeCo2O4. Although the small frustration
factor f = |ΘW /TN | ≃ 3.5 rules out the possibility of the
simple geometrical spin frustration in this compound, it
is worthwhile to explore another kind of frustration due
to the interplay of the spin and the orbital degrees of
freedom. Orbital physics in GeCo2O4, however, has not
yet been studied both experimentally and theoretically.
In this paper, we present ultrasound velocity measure-
ments in GeCo2O4 single crystals in shear and compres-
sion moduli which provide angle-resolved information of
the elastic properties. Ultrasound velocity is a power-
ful tool for the study of orbital physics because electric
quadrupole moments of JT ions strongly couple to the
lattice deformations [12, 13, 14, 15]. In addition, since
ultrasound wave modulates the distance between mag-
netic ions, ultrasound velocity is also a directional probe
of the anisotropy of exchange interactions acting on the
magnetic phase transition [16]. The present study dis-
cusses orbital state, spin state, and possible magnetic
frustration in GeCo2O4 from the elastic properties.
II. EXPERIMENTAL
Large single crystals of GeCo2O4 were grown by the
floating zone method. Details of the crystal growth are
described elsewhere [17]. The Ne´el temperature TN and
the Weiss temperature ΘW of the single crystals applied
for the present study were determined by the magnetic
susceptibility measured by a SQUID magnetometer. Fig-
ure 2 depicts the temperature dependence of the inverse
magnetic susceptibility with µ0H= 1 T. The antiferro-
magnetic transition occurs at TN = 20.6 K, and a linear
fit to the experimental data above 160 K yields the Weiss
temperature ΘW = 41.0 K, leading to the small frustra-
tion factor f = |ΘW /TN | ≃ 1.99. The discrepancy of
ΘW between the present study (ΘW = 41.0 K) and Ref.
9 (ΘW = 81.0 K) would be attributed to the difference of
the temperature range of the linear fitting: 160 K < T <
300 K in the present study, while 300 K < T < 800 K in
Ref. 9. In fact, ΘW in Ref. 8 determined by the fitting
in the temperature range 160 K < T < 300 K exhibits
ΘW = 47.6 K which is comparable to the present study.
Extension of the fitting range to higher temperatures in
the present single crystals would yield more reliable and
higher ΘW .
For the ultrasound measurements, the crystal was cut
into cuboid shape with the dimension of 3.6×3.5×2.6
mm3. Mirror surfaces of the sample were prepared by
careful polishing using the 1µm diamond slurry because
the ultrasound measurements are quite sensitive to the
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FIG. 2: (Color online). Inverse magnetic susceptibility as a
function of temperature with µ0H = 1 T. Inset shows the
temperature dependence of the magnetic susceptibility with
µ0H = 1 T.
roughness of the sample surface. The ultrasound velocity
measurements were performed by a home-built appara-
tus with phase comparison technique. This apparatus
can measure the relative change of the ultrasound veloc-
ities with high resolution of about 1 part in 106. For
the generation and the detection of ultrasounds, we used
LiNbO3 transducers with the fundamental frequency of
30 MHz. The transducers were glued on the parallel mir-
ror surfaces of the sample by silicone adhesive. Ultra-
sound velocities were measured in the temperature range
from 2 K to 100 K with the magnetic field from 0 to 7 T.
The ultrasound velocities were measured in five differ-
ent ultrasound modes in a GeCo2O4 single crystal. TA-
BLE I summarizes the ultrasound modes and the cor-
responding propagation direction k, polarization direc-
tion u, and elastic modulus investigated in the present
study. In the crystal structure with the cubic symmetry,
there are three elastic moduli which are symmetrically
independent: C11, C12, and C44. We measured trans-
verse ultrasound velocities in tetragonal shear modulus
(C11−C12)
2
with Γ3(Eg) symmetry, and trigonal shear
modulus C44 with Γ5(T2g) symmetry. Longitudinal ul-
trasound velocities were measured in three compression
moduli with the different directions of k (u) along [100],
[110], and [111] directions. Motivations of the measure-
TABLE I: Ultrasound modes investigated in this study and
the corresponding sound propagation direction k, polarization
u, and elastic modulus in cubic symmetry.
Ultrasound mode k u Elastic modulus
Transverse wave 1 [001] [110] C44
Transverse wave 2 [110] [11¯0] C11−C12
2
Longitudinal wave 1 [100] [100] C11
Longitudinal wave 2 [110] [110] C11+C12+2C44
2
Longitudinal wave 3 [111] [111] C11+2C12+C44
2
3ments of the transverse and the longitudinal ultrasound
velocities are described with their experimental results in
Sec. III A and B, respectively.
III. RESULTS AND DISCUSSION
A. Shear moduli
First we investigate the JT activity in GeCo2O4 focus-
ing on the orbital degrees of freedom. As depicted in Fig.
1 (b) and (c), the Co2+(3d7) on the octahedral B site
contains the orbital degrees of freedom regardless the spin
state: threefold-degenerate t2g orbitals in the high spin
state (S = 3/2), while twofold-degenerate eg orbitals in
the low spin state (S = 1/2). If the cubic-to-tetragonal
structural transition at TN in GeCo2O4 originates from
the cooperative JT effect, the tetragonal shear modulus
(C11−C12)
2
with Γ3(Eg) symmetry strongly and selec-
tively couples to the Co2+ ions via the quadrupole-strain
interaction written as [14, 15, 18],
HQS = −
∑
i
gΓ3O
2
2(i)ǫv. (1)
Here gΓ3 is the coupling constant, O
2
2(i) = l
2
x − l
2
y
is the quadrupole operator of the ith site expressed
by the components of the angular momentum lx and
ly, and ǫv = ǫxx − ǫyy is the elastic strain. Thus
(C11−C12)
2
corresponds to the elastic mode for the ver-
ification of JT activity in GeCo2O4. Taking into ac-
count the intersite quadrupole-quadrupole interaction,
the quadrupole-strain interaction of Eq. (1) leads to the
temperature dependence of the JT-active elastic modu-
lus CΓ3 =
C11−C12
2
in the cubic phase T>TN written
as [13, 14, 15],
CΓ3 = C
0
Γ3
T − (Θ + EJT )
T −Θ
, (2)
with C0Γ3 the elastic constant without JT effect, θ the
intersite orbital-orbital (quadrupole-quadrupole) interac-
tion, EJT the JT coupling energy. In the scenario of the
cooperative JT effect, it is expected from Eq. (2) that,
in GeCo2O4,
C11−C12
2
exhibits a precursor to the struc-
tural phase transition: a huge softening with decreas-
ing temperature in wide temperature range of T>TN
[12, 13, 14, 15].
Figure 3 depicts the temperature dependence of the
transverse ultrasound velocity vt in
(C11−C12)
2
in zero
magnetic field. In the paramagnetic state, (C11−C12)
2
ex-
hibits ordinary hardening with decreasing temperature,
instead of the softening expected from the JT effect. In
GeCo2O4, the orbital-orbital interaction and the JT cou-
pling should be present due to the orbital degeneracy of
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FIG. 3: (Color online). The transverse ultrasound velocity vt
in tetragonal shear modulus (C11−C12)
2
as a function of tem-
perature with H = 0. Inset picture shows schematic of the
tetragonal lattice deformation in (C11−C12)
2
(Eg symmetry).
Co2+ as depicted in Fig. 1 (b) and (c): Θ 6= 0 and
EJT 6= 0 in Eq. (2). Thus the observed elastic property
of (C11−C12)
2
in the paramagnetic state reveals that the
JT coupling is negligibly weak compared to the orbital-
orbital interaction, Θ≫ EJT 6= 0 in Eq. (2), where the
elasticity behaves like CΓ ≃ C
0
Γ. In the vicinity of TN ,
a dip-like anomaly is seen due to the phase transition. In
the antiferromagnetic (AF) state, the elasticity steeply
hardens below ∼ 6 K down to the lowest temperature.
As will be described below in conjunction with Fig. 5,
this might be attributed to the relaxation of the stress
on the magnetic domain walls.
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FIG. 4: (Color online). Relative change of the transverse
ultrasound velocity vt with H = 0 as a function of tempera-
ture in (C11−C12)
2
(Eg symmetry), and C44 (T2g symmetry).
For clarity, the zero levels of the different curves are vertically
shifted.
4The relative change of the trigonal shear modulus C44
as a function of temperature in zero magnetic field is pre-
sented in Fig. 4 compared on the same scale with the re-
sult of (C11−C12)
2
shown in Fig. 3. Similar to (C11−C12)
2
,
C44 exhibits a dip-like anomaly of ∆vt/vt ∼ 0.2% in
the vicinity of TN . Figure 5 (a) and (b) show the relative
shift of (C11−C12)
2
and C44, respectively, with magnetic
fields H‖[110] as a function of temperature. The dip-
like anomalies in both (C11−C12)
2
and C44 shift to lower
temperatures with increasing H following the reduction
of TN . This correspondence indicates that the dip-like
elastic anomalies are relevant to the AF transition. Such
an elastic anomaly is attributed to the magneto-elastic
coupling acting on the exchange interactions [16]. In this
mechanism, the exchange striction arises from a modula-
tion of the exchange interactions by ultrasound as follows,
Hexs =
∑
ij
[J(δ + ui − uj)− J(δ)]Si · Sj. (3)
Here δ = Ri−Rj is the distance between two magnetic
ions, and ui is the displacement vector for the ion Ri.
In Fig. 4 and Fig. 5 (b), a salient anomaly in C44 is
the∼ 1.5% steep softening from∼30 K down to TN . As
shown in Fig. 5 (b), this softening shifts to lower temper-
atures with increasing H following the reduction of TN ,
indicative the relevance of this anomaly to the AF tran-
sition. Thus this elastic anomaly is also attributed to the
exchange-striction effect of Eq. (3). Such an elastic in-
stability observed only in C44 suggests, with its absence
in C11−C12
2
, the presence of highly anisotropic magnetic
fluctuations in GeCo2O4. This C44-selective anomaly
is in accordance with the results of neutron scattering
experiments suggesting the presence of two-dimensional
magnetic fluctuations from ∼25 K down to TN [19].
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FIG. 5: (Color online). Relative shift of the transverse ultra-
sound velocity vt with magnetic field H‖[110] as a function
of temperature in (a) C11−C12
2
, and (b) C44. For clarity, the
zero levels of the different curves are vertically shifted.
Here, we would also like to comment on the elasticities
in the AF state shown in Fig. 5, although the tetragonal
distortion of the crystal in the AF state transforms the
elastic symmetry. In the AF state withoutH or with low
H less than 1 T, C44 shown in Fig. 5 (b) exhibits weak
temperature dependence with loose hardening from just
below TN down to ∼8 K where the magnitude of the
detected ultrasound is extremely attenuated. C44 with
H higher than 1 T, in contrast, promptly hardens be-
low TN with moderate attenuation of the ultrasound.
TheseH-dependent elasticities in the AF state would be
attributed to the stress effect on the magnetic domain
walls [20]. Magnetization of the sample into a single do-
main state with H can recover the elasticity and the
magnitude of the ultrasound as observed in the present
experiments. The enhancement of the ultrasound atten-
uation in the AF state with low H less than 1 T is also
observed in (C11−C12)
2
, but is not so large compared to
C44. In Fig. 5 (a) and (b),
(C11−C12)
2
and C44 inH = 0
(for (C11−C12)
2
, also in µ0H = 1 T) harden steeply below
∼ 6 K down to the lowest temperature with the recover-
ies of the magnitude of the ultrasounds. This hardening
might be attributed to the formation of the single do-
main state even in zero magnetic field. The origin of this
zero-field hardening is not clear at present, and further
studies should be performed for the elucidation.
B. Compression moduli
The experimental results in the shear moduli described
above revealed that the dominant mechanism of the ob-
served elastic anomalies in GeCo2O4 is the exchange-
striction effect expressed by Eq. (3). Next, we study more
in detail the anisotropy of the exchange interactions act-
ing on the AF transition by investigating the compres-
sion moduli with the longitudinal ultrasounds. In the
exchange-striction mechanism, the longitudinal sound
wave exhibits more directional feature than the trans-
verse sound wave. When a sound wave with polarization
u and propagation k is given by u = u0exp[i(k ·r−ωt)],
where u0 and ω are amplitude and frequency respec-
tively, the exchange striction of Eq. (3) is rewritten as
[21],
Hexs =
∑
i
(
dJ
dδ
·u)(k · δ)(Si ·Si+δ)e
i(k·Ri−ωt). (4)
The longitudinal sound wave, therefore, strongly couples
to the exchange interactions acting in the direction paral-
lel to the sound propagation k and polarization u, k ‖ δ
and u ‖ δ.
Figure 6 depicts the temperature dependence of the
longitudinal ultrasound velocities with the propagation
k ‖ [100], k ‖ [110], and k ‖ [111] in zero magnetic
field. All the compression moduli exhibit steep softening
from ∼35 K down to TN due to the exchange-striction
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FIG. 6: (Color online). Relative change of the longitudinal
ultrasound velocity vl as a function of temperature withH =
0 in k||[100], k||[110], and k||[111]. Inset picture shows k
directions of each mode in the B-site pyrochlore lattice.
effect. Among these elastic moduli, the magnitude of the
anomalous variation in k ‖ [111] is the largest indica-
tive the strongest contribution of the exchange interac-
tions acting in the [111] direction to the AF transition.
This anisotropy of the exchange-striction effect in the
paramagnetic state near TN is consistent with the AF
structure with the wave vector q ‖ [111] determined
by the neutron scattering experiments [11]. As pointed
out in Ref. 11, the formation of the AF structure with
q ‖ [111] despite the positive value of the Weiss temper-
ature ΘW>0 suggests the magnetic frustration due to
competition among several FM and AF interactions. The
present results of the compression moduli in the param-
agnetic state near TN strongly support the possibility
of such a bond frustration in GeCo2O4. We discuss the
origin of the bond frustration in Sec. III C. In the AF
state, the compression moduli exhibit weak or almost no
temperature dependence with the enhanced attenuation
of the ultrasound signals. As already pointed out in the
shear moduli in Sec. III A, these behaviors would be
attributed to the stress effect on the magnetic domain
walls.
C. Spin state of Co2+ and magnetic frustration in
GeCo2O4
Here, we would like to discuss the spin state of Co2+
and magnetic frustration in GeCo2O4 from the elastic
properties revealed by the present study. As depicted in
Fig. 1 (b) and (c), the Co2+ on the octahedral B site
contains the orbital degrees of freedom regardless the spin
state: threefold-degenerate t2g orbitals in the high spin
state (S = 3/2), while twofold-degenerate eg orbitals
in the low spin state (S = 1/2). In the present experi-
ments, however, the absence of softening in the tetrago-
nal shear modulus (C11−C12)
2
in the paramagnetic state
(Fig. 3) excludes the possible JT-active mechanism in
the cubic-to-tetragonal structural transition at TN . In-
stead, as shown in Fig. 4, (C11−C12)
2
and C44 exhibit the
dip-like anomalies in the vicinity of TN which are rele-
vant to the AF transition. We conclude, therefore, that
the cubic-to-tetragonal structural distortion is driven by
the AF ordering.
The dip-like anomalies not only in (C11−C12)
2
with Eg
symmetry but also in C44 with T2g symmetry indicate
that both eg and t2g orbitals of the Co
2+ participate in
the exchange interactions. Comparing between the high
spin state of Fig. 1 (b) and the low spin state of Fig. 1
(c), both t2g and eg orbitals can participate in the ex-
change interactions in the high spin state, whereas only
the eg orbitals can participate in the low spin state. The
dip-like anomalies in the shear moduli, therefore, lead to
the conclusion that the Co2+ in GeCo2O4 adopts high
spin state in agreement with the magnetic susceptibil-
ity measurements of Ref. 9. Another salient anomaly
of the steep softening observed only in C44 below ∼30
K down to TN (Fig. 4) robustly supports this conclu-
sion. Such an anomaly in C44 suggests the presence of
magnetic fluctuation sensitive to the trigonal lattice de-
formation with T2g symmetry. The steep softening only
in C44 indicates that the exchange interactions via t2g
orbitals dominate the magnetic fluctuation. Such a mag-
netic fluctuation can be realized in the network of the
high spin Co2+ with t2g-orbital degeneracy.
On the basis of the high spin Co2+ concluded above,
we next discuss the magnetic frustration in GeCo2O4.
The JT inactivity in (C11−C12)
2
despite the presence of
the orbital degrees of freedom indicates that, as under-
stood from Eq. (2), the orbital-orbital interaction Θ is
much stronger than the JT coupling EJT , Θ ≫ EJT .
Furthermore, the steep softening of C44 in the paramag-
netic state near TN indicates that the t2g-t2g exchange
interactions play a significant role in the magnetic fluctu-
ation near TN . According to the Goodenough-Anderson-
Kanamori (GAK) rules, the presence of a hole in the
t2g orbitals in Co
2+ gives rise to the direct FM interac-
tion between the nearest-neighbor Co2+ ions [22]. This
FM interaction is strong and consistent with the positive
Weiss temperatureΘW>0 in GeCo2O4. The anisotropy
of the elastic anomaly in the compression moduli shown
in Fig. 6, however, strongly suggests the presence of the
bond frustration. The GAK rules tell that the bond frus-
tration in GeCo2O4 arises from the competition among
direct FM interaction, third-neighbor AF interaction,
and sixth-neighbor AF interaction, as pointed out in Ref.
11.
The question is why the strong direct-FM interaction
competes with the weak distant-neighbors-AF interac-
tions. The most probable answer from the present study
6dxy dyz dzx
t2g
(a)
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FIG. 7: (Color online). (a) Crystal-field splitting by cubic-to-
tetragonal structural transition with c>a in the Co2+ (3d7).
(b) Geometrical orbital frustration of the direct FM (Kugel-
Khomskii-type) interaction between the t2g orbitals in the
Co2+ tetrahedron.
is the presence of geometrical orbital frustration in the
paramagnetic state in GeCo2O4. In the t2g-orbital de-
generate system, Kugel-Khomskii-type (KK) ferromag-
netic interaction [18, 23, 24, 25, 26] can be more em-
phasized since partially filled t2g orbitals have greater
degeneracy and weaker JT coupling compared to the
eg orbitals. The JT inactivity with Θ ≫ EJT in
Eq. (2) strongly suggests the dominant contribution of
the orbital-orbital interaction. It is possible, therefore,
that a FM transition with orbital ordering occurs in
GeCo2O4 by the KK interaction. However, GeCo2O4
exhibits the AF transition, and, as depicted in Fig. 7
(a), the tetragonal elongation below TN quenches the
t2g-orbital degeneracy. Thus the possibility of the or-
bital ordering is ruled out in GeCo2O4. Instead, the
tetragonal elongation shown in Fig. 7 (a) can release the
geometrical orbital frustration in this compound. Figure
7 (b) illustrates the schematic picture of the t2g-orbital
frustration in the Co2+ tetrahedron. When a single hole
in t2g orbitals is aligned alternately in three Co
2+ sites
of the tetrahedron by the KK interaction, another fourth
Co2+ site experiences the geometrical frustration for the
hole (orbital) arrangement. This situation disturbs the
occurrence of the orbital ordering. On the other hand,
the quenching of the orbital degeneracy by the tetragonal
elongation releases the orbital frustration. The magnetic
fluctuation near TN where t2g orbitals dominantly con-
tribute is probably a precursor to the release of the orbital
frustration. It is noted that this AF transition with the
tetragonal elongation is a new kind of phase transition
driven by the orbital degeneracy which is different from
the cooperative JT distortion and the orbital ordering.
IV. SUMMARY
To summarize, we performed ultrasound velocity mea-
surements in single crystals of GeCo2O4 in shear and
compression modes. The shear moduli reveal JT in-
activity despite the presence of t2g-orbital degeneracy
in the high-spin Co2+ ions. The compression moduli
show anisotropic elastic anomalies near TN suggesting
the presence of bond frustration due to the competition
among direct FM and distant-neighbors AF interactions.
The most probable origin of the bond frustration with the
JT inactivity in GeCo2O4 is the presence of geometrical
orbital frustration which can be realized in the pyrochlore
lattice formed by JT ions with threefold-degenerate t2g
orbitals. The cubic-to-tetragonal elongation by AF or-
dering releases the orbital frustration by quenching the
orbital degeneracy. Further experimental and theoreti-
cal efforts are necessary for the verification of the orbital
frustration in GeCo2O4.
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